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1 Voronoi , $n$ 3
. $n$ 1 2
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Davenport-Schinzel [1,2,3,4,5] $\cdot$ 3
, , .
, n n ,
Voronoi $O(n^{2}\lambda_{5}(n)\log n)$ , $O(n^{2}\lambda_{7}(n)\log n)$






$n$ $(x_{i}, y_{i})(i=1, \ldots, n)$ , $d(p,p_{i})$ $p$ $p_{i}$
Euclid
$V(p_{i})= \bigcap_{i\neq j}\{p|d(p,p_{i})<d(p,p_{j})\}$
Voronoi . $V(p_{i})(i=1, \ldots, n)$
, Voronoi (Voronoi diagram) . $n$ , Voronoi
, Voronoi , Voronoi .
Voronoi , 2 Voronoi $V(p_{i}),$ $V(PJ)$
$Pj$ , $\overline{p_{i}pj}$ .
$p_{i}$ $(x_{i}, y_{i})(i=1, \ldots, n)$ , 3 Euclid $E^{3}$
$i$
$z=d(p,p_{i})^{2}=(x-x_{i})^{2}+(y-y_{i})^{2}$
. 2 $i,$ $j$ , $z=d(p,p_{i})^{?}$’ $z=d(p, p_{j})^{2}$
$E^{3}$ , $(x, y)$ , pipj
. , $n$ $z=d(p,p_{i})^{2}$ (lower
envelope) $(x, y)$ $n$ $p_{i}(i=1, \ldots, n)$ Voronoi
.
, $n$ $z=d(p,p_{i})^{2}\text{ _{}-}hffl^{1}1$ $\backslash J\prec p$ - (upperenvelope)
Voronoi (furthest Voronoi diagram) . Voronoi
, Voronoi $V(p_{i})$ ‘ ’ Euclid , $d(p,p_{i})=$





$t_{i}=(u_{i}, v_{i})$ $t$ $p_{i}$
Voronoi . $t=0$ ( $X_{i,y_{i})}$ .
$p_{i}(t)=(x_{i}(t),y_{i}(t))$
$x_{i}(t)=x_{i}+u_{i}t$ , $y_{i}(t)=y_{i}+v_{i}t$
$p=(x, y)$ $p_{i}(t)$ Euclid
$f_{i}(t,x,y)=(x-x_{i}(t))^{2}+(y-y_{i}(t))^{2}$
. $f_{i}(t, x, y)$
$f(t, x, y)=.$ $\min f_{i}(t, x, y)$
$i=1,\ldots$ $n$
, 4 Euclid $E^{4}$ $z=f(t, x, y)$ $(t, x, y)$
, $(t, x, y)$
.
. $n$ $t,$ $x,$ $y$ )
, $E^{3}$ $t=t_{0}$ , $t=tO$
$p_{i}(t_{0})(i=1, \ldots, n)$ Voronoi . ,
Voronoi , $f_{i}(t, x, y)$ .
, $t$ , $p_{i}(t)$ . $t$ $p_{i}(t)$
, , ,
. $t$ $p_{i}(t)$ , , 3
2 , 3 , 4
. $f_{i}(t, x, y)$ , 4 Euclid
$(t, x, y)$ . ( , $f_{i}(t, x, y)$ $t,$ $x,$ $y$
, $f_{i}(t, x, y)$ $f_{i}$ . )
1: (1) $i\neq j$ $f_{i}(t, x, y)=f_{j}(t, x, y)$ $E^{4}$ .
(2) 3 $i,$ $i,$ $k$ , $p_{i}(t),$ $p_{j}(t),$ $p_{k}(t)$
$t$ , $f_{i}=f_{j}=f_{k}$ $t$ . , $p_{i}(t)$ ,
$p_{j}(t),$ $p_{k}(t)$ $t$ , $t$
, $t$ 2 .
(3) $i,$ $j,$ $k,$ $l$ $f_{i}=f_{j}=f_{k}=fi$ 4 . $\square$
$O(n^{4})$ ,
. 2 $i\neq j$ , . $k\neq i,j$




$p_{i}(t)$ $p_{j}(t)$ $d_{k}$ , $l_{ij}(t)$ $p_{i}(t)$ $p_{j}(t)$
.
Case 1 : $p_{k}(t)$ $l_{ij}(t)$ :
$+$
$g_{k}(t)=$ $\{+d_{k}-d_{k}(q_{k}\emptyset_{i}\prime l(t)\emptyset hM_{I\mathcal{K}\mathfrak{B}6}^{|JK\mathfrak{B}6}(q^{k}l^{1}l_{ij}^{ij}(t)\otimes Effl^{|}))$
$g_{k}^{-}(t)=+\infty$
Case 2 : $p_{k}(t)$ $l_{ij}(t)$ :
$g_{k}^{+}(t)=+\infty$
$g_{k}^{-}(t)=\{\begin{array}{l}-d_{k}(q_{k}\emptyset il_{ij}(t)\emptyset fiffl^{|}1K\mathfrak{B}6)+d_{k}(\})\end{array}$
Case 3 : $p_{k}(t)$ $l_{ij}(t)$ ( 2 $t$ ):
$g_{k}^{+}(t)=g_{k}^{-}(t)=\{_{+\infty}-\infty$ ((pk(t)\check C\emptyset .>*k$R‘\mbox{\boldmath $\rho$}g&p--i(t))pj(t) )
$g_{k}^{+}(t),$ $g_{k}^{-}(t)$ , $g^{+}(t),$ $g^{-}(t),$ $g’(t)$ .
$g^{+}(t)= \min_{k\neq i,j}g_{k}^{+}(t)$ ,





2: (1) $t$ $g^{+}(t)(g^{-}(t))$ $g_{k}^{+}(t)(g_{k}^{-}(t))$
, $l_{ij}(t)$ ( ) $p_{l}(t)$ $p_{i}(t),$ $pj(t),$ $p_{k}(t)$
.
(2) $t$ , $g’(t)=0$ , $g^{+}(t),$ $g^{-}(t)$ $g_{k}^{+}(t)$ ,
$g_{l^{-}}(t)$ , $p_{i}(t),$ $pj(t),$ $p_{k}(t)$ , $p_{i}(t),$ $pJ(t),$ $p\iota(t)$
, 2 $q_{k}$ , q Voronoi , $q_{k}$ $q_{l}$
$V(p_{i})$ $V(p_{j})$ Voronoi . $\square$
$g^{+},$ $g^{-},$ $g’$ , $g_{k}^{+},$ $g_{k}^{-},$ $g_{k}^{+}+g_{k}^{-},$ $0$ ’
. $g^{+},$ $g^{-},$ $g’$ (combinatorial complexity) ,
, $g^{+}(g^{-}, g’)$
$t’$ $t$ $t’$ (intersecting value) ,
. $g^{+},$ $g^{-},$ $g’$
.
3: $g^{+},$ $g^{-},$ $g’$ $O(\lambda_{6}(n))$ , $O(\lambda_{5}(n)\log n)$
.
: 1 (1) , $f_{i}=f_{j}=f_{k}=f_{1}$ 4 , $g_{k}^{+}$ $g_{l}^{+}$
4 . $g_{k}^{+}$ 1 (2) 2 . , $g^{+}$
$O(\lambda_{6}(n))$ [1]. $g^{-}$ . $g^{+}+g^{-}$ $0$
, , $g’$ $g^{+}$ $g^{-}$
. , $O(\lambda_{6}(n))$ .
4 , 2 $g_{k}^{+}$ $g^{+}$
$O(\lambda_{5}(n)\log n)$ [6] $\cdot$ $g^{-}$ $g’$ . $\square$
1: $n$ $O(n^{2}\lambda_{5}(n)\log n)$ , $O(n)$
. , Voronoi ,
. $E^{4}$ $f_{i}=f_{j}$ 1 . $f_{i},$ $f_{j},$ $f_{k},$ $fi^{\text{ }}$
, $t$ $t’$ . , $p_{i}(t’),$ $pj(t’),$ $p_{k}(t’),$ $p_{l}(t’)$ 4
, . 4 $p_{i}(t’),$ $PJ(t’)$ ,
$p_{k}(t’),$ $p_{l}(t’)$ 3 .
(a) $p_{k}(t’)$ $p\iota(t’)$ $l_{ij}(t’)$ .
(b) $p_{k}(t’)$ $p_{l}(t^{l})$ $l_{ij}(t’)$ .
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(c) $p_{k}(t’)$ $p\iota(t’)$ $l_{ij}(t’)$ ,
.
3 (a), (b), (c) $g^{+},$ $g^{-},$ $g’$ . ,
(c) $g^{+}+g^{-}=0$ . , $f_{i}=f_{j}$
, $g^{+},$ $g^{-}$ $g^{+}+g^{-}=0$ . . ,
2 $p_{i}(t)$ $pj(t)$ , $g^{+},$ $g^{-},$ $g’$ ,




2: $n$ $O(n^{2}\lambda_{5}(n)\log n)$ , $O(n)$
. , Voronoi ,
. $\square$
4. Voronoi




. 3 , $p=(x, y)$ $p_{i}(t)$ Euclid
$f_{i}(\theta,x, y)=(x-x_{i}(\theta))^{2}+(y-y_{i}(\theta))^{2}$
. 3 , $f_{i}$ 4 6
. 3 ,
Voronoi Voronoi .
3: $n$ $O(n^{2}\lambda_{7}(n)\log n)$ , $\sim O(n)$
. , Voronoi
,






, ( n n ,








, 2 (geometric fitting
problem) [7] $\cdot$ 1 1 $n$
$S=\{si =(x_{i}, y_{i})-\}$ , $T=\{t_{i}=(u_{i}, v_{i})\}$ (si $t_{i}$
), $S$ $\theta$ $(x, y)$
. $f_{i}$
.
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